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1 Introduction 

Quantum Field Theory (QFT) is a powerful theory in modern physics. Based on 
QFT, standard model of particle physics successfully describes our microcosmic world. 
Most of the predictions by standard model have been observed in many experiments 
under rather precise level. However, the key technical procedure in QFT, i.e. renor- 
malization, looks complicated and cumbersome. More seriously, the renormalization 
procedure does not work for gravity, which means that it is impossible to construct 
a consistent quantum gravity theory by using the conventional QFT. Many efforts 
have been made to understand the physical meaning of renormalization, while most 
of people believe that the infinity comes from the fundamental topological structure 
of QFT, which can not be cured without modifying its topological structure. In 
string theory, one extends a point particle to a small piece of a string. This simple 
modification dramatically changes the topological structure of the theory. The new 
" Feynman diagram" now is a smooth world-sheet instead of world- lines with singular 
intersection points. 

Let us briefly look at the high energy behavior in QFT by a simple power counting. 
The tree amplitude of four spin- J particles behaves as /l|/jg ~ E~'^'^^~'^\ so that the 



one-loop amplitude behaves as 



^Soop - / d'p^y-f- - / d'E 



loop J y ^^2)2 J E^ ' ^ ^ 

which is finite for a scalar particle (J = 0) and renormalizable for a vector particle 
(J = 1), but is nonrenormalizable for the particle with J > 2, including graviton 
(J = 2). However, there is a loophole to bypass this argument. If we sum over all 
amplitudes with the different spins, the final amplitude will be 

A = j:Ai^lr.J2ajE-^^'-^ (2) 
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which could be exponentially fall-off, i.e. A ~ e ^, so that the all loop amplitudes 
would be finite, if the following two conditions are both satisfied: 

1. there are infinite higher spin J particles 

2. the coefficients aj's should be precisely related to each other. 

In string theory, the amplitude of four tachyons scattered, i.e. Veneziano ampli- 
tude, can be easily calculated as 



where s, t are the Mandelstam variables. In the high energy and fixed angle limit 
(hard scattering where s — )■ oo, t — )■ oo and s/t fixed), it is easy to verify that the 
Veneziano amplitude behaves as exponentially fall-off. This property applies to all 
four-point scattering amplitudes in string theory. Thus string theory is a finite theory! 
To explain the reason why string theory is finite, we borrow the previous argument 
of QFT and make our conjecture that string theory satisfies the above two conditions 
and is a loophole. 

The first condition is trivially satisfied in string theory because a string has infi- 
nite oscillation modes which correspond to infinite higher spin particles. The second 
condition is highly nontrivial and will lead to the conjecture of the symmetries among 
the different string scattering amplitudes. We conjecture that these symmetries are 
the key point to "fine-tune" the string theory to be finite. These symmetries are 
usually complicated and not apparent so that we call them hidden symmetries. How- 
ever, we expect that the hidden symmetries will reduce to some simpler relations 
in certain limits. In fact. Gross has conjectured that the string scattering ampli- 
tudes are linearly related each other in the high energy, fixed scattering angle limit 
[U 121 13]. Using the methods of Ward identities of zero norm states [H O |6], Vira- 
soro algebra and direct calculation of scattering amplitudes, we are able to prove the 
Gross conjecture and compute the linear ratios among the different string amplitudes 
IZl[HllSl[ini[IIl[I21[I31[Il[I51[ISl[n]. We also extend our study to the high energy, 
small angle limit, i.e. Regge scattering [HI [191 120l [211 122] • In the following sections, 
we will review our results in both limits. 

2 Hard Scattering 

In this section we consider the hard scattering, which is the limit oi E ^ oo with fixed 
scattered angle 0, or in Mandelstam variables s ~ -E^ — > oo with t/s ^ sir? (0/2) 
fixed. It was shown [TUl [H] that for the 26D open bosonic string the only four-point 




(3) 
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scattering amplitudes that will survive in the hard scattering limit at mass level 
= (A^ — 1) are of the form 



T^'^^^-^^i) = (\/i\/r''"''n'^)v^3v^4), (4) 

where Vi, V3 and V4 are set to be tachyonic vertices for simplicity and the second 
vertex of the nontrivial higher spin state is 

V2 '{k)r^[a_^) (a_2) |0;A;). (5) 

the polarizations of the second vertex with momentum /c2 on the scattering plane 
were defined to be = -^{£2,^2,0) = as the momentum polarization, = 
■^{^2, E2, 0) the longitudinal polarization and = (0, 0, 1) the transverse polariza- 
tion. Note that approaches to in the hard scattering limit, and the scattering 
plane is defined by the spatial components of and e'^ . Polarizations perpendic- 
ular to the scattering plane are ignored because they are kinematically suppressed 
for four-point scatterings in the high-energy limit. One can then use three different 
methods, i.e. Ward identities of zero norm states, Virasoro algebra and saddle point 
approximation to calculate the ratios among the high energy scattering amplitudes. 
The final result of the ratios of the amplitude in hard scattering limit are flU\ [TT] 

' ' ^ ' ' (2m -1)!! (6) 



7-(7v,o,o) \^ 2MJ \2A'P 

The methods of Ward identities of zero norm states and Virasoro algebra are algebraic 
methods, which in principle can be applied to arbitrary higher loop level. The third 
method, i.e. saddle point method, is due to direct calculation of the string scattering 
amplitudes. To show the linear relations in the high energy limit, in most of cases, we 
only calculate the tree level scattering amplitudes. The direct calculation at higher 
loop levels is quite complicated, a simple case at 1-loop level has been showed in [23j . 

To see the meaning of the ratios in Eq.(|6]), let's consider a simple analogy from 
practical physics. The ratios of the nucleon-nucleon scattering processes 

(a) p + p^d + Tc'^, (7a) 

(b) p + n-^ d + TT^, (7b) 

(c) n -|- n — )■ d + 7r~ (7c) 



can be calculated to be 



T.:r.:T. = l:-L:l 



from SU{2) isospin symmetry. Similarly, as we will see in the rest of the paper, the 
ratios in Eq.([6]) can be extracted from Kummer function. The key is to study high 
energy string scatterings in the Regge limit. 



3 



3 Regge Scattering 

In this section we consider the Regge hmit, which is the hmit of — )■ cxd with small 
scattered angle 0, or in Mandelstam variables s ~ E"^ — )■ oo with t ~ i?^ sin^ (0/2) 
fixed. Now all four-point scattering amplitudes survive in the Regge hmit at mass 
level = (A^ — 1) with the vertices 



a 



L \q„ 



T \k„ 
n) II \^—m 

7i>0 m>0 



|0), 



(9) 



where the powers fc„'s and g^'s satisfy the constraint, 

nkn + mqm = N. 



(10) 



The four-point string scattering amplitudes of the above vertex (jH]) in the Regge limit 
can be calculated to be 1181 



q-{N,kn,qm) 



M2 



91 



U ( -gi, - + 2 - gi, 



5 -1- 



n 

m=2 



|.-i-5)-n['^("-i)'] 

^ n=l 

(< + Af= + 2)(,„-l)!(-^ 



(11) 



which is power-law behaved in the high energy limit as expected. The function 
U{a,c,x) in Eq. (fTT]) is the Kummer function of the second kind and is defined to be 



U (a, c, x) 



IT 



Sm TTC 



where 



M (a, c, x) 
(a - c)\(c-l] 



M{a,c,x) = Y, 

j=0 



x^-^M{a + l-c,2-c,x) 



(a-mi-c)\ 



(c), j! 



[12) 



(13) 



is the Kummer function of the first kind. U{a, c, x) and M{a, c, x) are the two solutions 
of the Kummer equation 

xy (x) + (c — x)y'{x) — ay{x) = 0. (14) 

At this point, it is crucial to note that, in our case of Eq. (fTT]) . c = | + 2 — 2m and is 
not a constant as in the usual definition, so the function U (^—qi, ^ + 2 — qi, *+Mi±2^ 
in Eq.(??) is actually not a solution of the Kummer equation f n3|) . This makes the 
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function U y—qi, | + 2 — gi, *+M_t2 j j-^g^g some special properties which will lead to 
our expected result. 

It is important to note that there is no linear relation among high energy string 
scattering amplitudes of different string states for each fixed mass level in the Regge 
limit as can be seen from Eq. ffTT]) . This is very different from the result in the hard 
scattering limit in Eq.([6]). In other words, the ratios 'J~(^''^'^'iy'J~("fifi^ are t-dependent 
functions. However, we believe that the hidden symmetry which we conjectured 
should be encoded in general string scattering amplitudes. Therefore the hidden 
symmetry should also hide in the scattering amplitudes of the Regge limit in some 
way. To see the hidden symmetry in the Regge limit, we take an additional limit 
|t| — )■ oo in the scattering amplitudes (ITT]) . Using the identity of our "special Kummer 
function" , 

U (^-2m, ^ + 2 - 2m, 

= ■ t''" + ■ t^"^-^ + + ■ + -^^^^r + O (t""-^) (15) 

(—4) ml 

We found that the ratios in Eq.(|6]) could be exactly reproduced among the leading 
terms of the scattering amplitudes ffTTj) under the additional limit. 

It can be shown that the identity f|T5|) is satisfied order by order for arbitrary value 
m by computer, but it is highly non-trivial to prove it analytically. With the help of 
the mathematicians, we finally completed the proof two years after we conjectured 



4 Compactified Space 

It is interesting to study that strings scattered in a compactified space. We calculated 
string scattering amplitudes in some compactified spaces for both hard scattering and 
Regge limits [211 [2S]- Besides the two well known high energy behaviors of string 
scattering amplitudes, e.g. exponentially fall-off in hard scattering and power-law 
fall-off in Regge limit, we found two new behaviors under certain conditions: 

1. Power-law fall-off in hard scattering. 

2. Exponentially fall-off in Regge limit. 

The two new high energy behaviors are completely not expected for the first sight. 
But when we carefully study the detail of the kinematic variables, by comparing the 
apparent scattering angle in the compactified space and the effective scattering angle 
0' in the full space, we found that the high energy behaviors are actually determined 
by the effective scattering angle 0'. We summary our results in the following table: 
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E ^ oo 


0' 


(f) fixed 


(s,t)»(7V,K) 


e-^ 


(j)' fixed 


(f) fixed 


(s,t,ir) > N 


E-" 


0' ~ 


~ 


s > (t, N, K) 


E-^ 


0' ~ 


~ 


is,K)^{t,N) 




0' fixed 



If string theory showed to be correct and thus the extra dimensions exist, then our 
3+1 space-time is compactified from a higher dimensional space-time. The scattering 
angles measured in our usual scattering experiments should be the apparent scattering 
angles. Therefore, under certain conditions as we showed before, the unexpected high 
energy behavior could be observed. 

5 Conclusion 

As a theory including quantum gravity, string theory has been showed to be finite 
to all loop level. But there are many higher spin modes in string theory and the 
scattering amplitudes of each of them are turn out to be infinite. So there must be a 
mysterious cancellation in string theory. We believe that the cancellation is due to the 
"hidden" symmetries in string theory. To explore the complicated hidden symmetries, 
we study the string scattering amplitudes in different high energy limits. In the hard 
scattering limit, we proved that the scattering amplitudes are linear related each 
other. We calculated the ratios by three different methods. In the Regge hmit, we 
calculated the string scattering amplitudes, which is proportional to a "Kummer" 
function. By a nontrivial identity of the "Kummer" function, we are able to show 
that the string scattering amplitudes in the Regge limit reproduces to all the ratios 
in hard scattering limit when we take t ^ oo. 

Our study is just the first step to explore the hidden symmetries in string theory. 
To understand the full symmetries, we need to study the string scattering amplitudes 
in general energy, but which is very complicated to deal with 

Acknowledgement 

Yi would like to thank the organizers of 11th workshop on QCD for inviting him 
to present this work. This work is supported by the National Science Council and 
National Center for Theoretical Science, Taiwan. 



References 

[1] D. J. Gross and R F. Mende, Rhys. Lett. B 197, 129 (1987); Nucl. Rhys. B 303, 
407 (1988). 



6 



[2] D. J. Gross, Phys. Rev. Lett. 60, 1229 (1988); Phil. Trans. R. Soc. Lond. A329, 
401 (1989). 

[3] D. J. Gross and J. L. Manes, Nucl. Phys. B 326, 73 (1989). See section 6 for 
details. 

[4] J. C. Lee, Phys. Lett. B 241, 336 (1990); Phys. Rev. Lett. 64, 1636 (1990); Prog. 
Theor. Phys.91, 353 (1994). J. C. Lee, Phys. Lett. B 326, 79 (1994). 

[5] T. D. Chung and J. C. Lee, Phys. Lett. B 350, 22 (1995). Z. Phys. C 75, 555 
(1997). J. C. Lee, Eur. Phys. J. C 1, 739 (1998). 

[6] H. C. Kao and J. C. Lee, Phys. Rev. D 67, 086003 (2003). C. T. Chan, J. C. Lee 
and Y. Yang, Phys. Rev. D 71, 086005 (2005) 

[7] C. T. Chan and J . C. Lee, Phys. Lett. B 611, 193 (2005). J. C. Lee, 
[arXiv:hep- th/03030 12] . 

[8] C. T. Chan and J. C. Lee, Nucl. Phys. B 690, 3 (2004). 

[9] C. T. Chan, P. M. Ho and J. C. Lee, Nucl. Phys. B 708, 99 (2005). 

[10] C. T. Chan, P. M. Ho, J. C. Lee, S. Teraguchi and Y. Yang, Nucl. Phys. B 725, 
352 (2005). 

[11] C. T. Chan, P. M. Ho, J. C. Lee, S. Teraguchi and Y. Yang, Phys. Rev. Lett. 96 
(2006) 171601. 

[12] C. T. Chan, P. M. Ho, J. C. Lee, S. Teraguchi and Y. Yang, Nucl. Phys. B 749, 
266 (2006). "Comments on the high energy limit of bosonic open string theory," 
[arXiv:hi^ h/0509009| . 

[13] C. T. Chan, J. C. Lee and Y. Yang, Nucl. Phys. B 738, 93 (2006). 

[14] C. T. Chan, J. C. Lee and Y. Yang, Nucl. Phys. B 749, 280 (2006). 

[15] Pei-Ming Ho, Xue-Yan Lin, Phys.Rev. D73 (2006) 126007. 

[16] C. T. Chan, J. C. Lee and Y. Yang, " Scatterings of massive string states from 
D-brane and their linear relations at high energies", Nucl. Phys. B764, 1 (2007). 

[17] J.C. Lee and Y. Yang, "Linear Relations of High Energy Absorption/Emission 
Amplitudes of D-brane", Phys.Lett. B646 (2007) 120, hep-th/0612059. 



7 



[18] Sheng-Lan Ko, Jen-Chi Lee and Yi Yang, "Patterns of High energy Massive 
String Scatterings in the Regge regime", JHEP 0906:028,(2009); "Kummer func- 
tion and High energy String Scatterings", larXiv:0811.4502t "Stirhng number 
Identities and High energy String Scatterings", larXiv:0909.3894i (pubhshed in 
the SLAC eConf series). 

[19] Jen-Chi Lee and Yi Yang, "Regge Closed String Scattering and its Imphcation 
on Fixed angle Closed String Scattering", Phys.Lett.B687:84-88,2010. 

[20] S. He, J.C. Lee, K. Takahashi and Y. Yang, "Massive Superstring Scatterings in 
the Regge Regime" . [arXiv:1001.5392l (accepted by PRD) 

[21] J.C. Lee, Catherine H. Yan and Y. Yang, "High-energy String Scattering Am- 
plitudes and Signless Stirling Number Identity", arXiv: 1012.5225. 

[22] Jen-Chi Lee, Yoshihiro Mitsuka and Yi Yang, "Higher Spin String States Scat- 
tered from D-particle in the Regge Regime and Factorized Ratios of Fixed Angle 
Scatterings", arXiv: 1101.1228. 

[23] C. T. Chan and J. C. Lee, "One-loop Massive Scattering Amplitudes and Ward 
Identities in String Theory", Prog.Theor.Phys. 115 (2006) 229-243. 

[24] J.C. Lee and Y. Yang, "Linear Relations and their Breakdown in High Energy 
Massive String Scatterings in Compact Spaces", Nucl.Phys. B784 (2007) 22. 

[25] S. He, J.C. Lee and Y. Yang, "Exponential fall-off Behavior of Regge Scatterings 
in Compactified Open String Theory" , arXiv:1012.3158, 



8 



